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3Factorial vs Gamma function









4Integer vs Fractal dimension
d = 0.63







Integer vs Fractional derivative
 D1(eax) = a eax
 D2(eax) = a2 eax
 D3(eax) = a3 eax
 ....
 Dn(eax) = an eax
 Dα(eax) = aα eax
n -integer
6What is the meaning of 
D ½y ?
This is an apparent 
paradox from which, one 













 The name "fractional calculus" is actually 
a misnomer
 The designation "integration and 
differentiation of arbitrary order" is more 
appropriate
8Motivation: sin(ax) function
 D 1[sin(ax)] = a 1 sin(ax + 1 π/2)
 D 2[sin(ax)] = a 2 sin(ax + 2 π/2)
 D 3[sin(ax)] = a 3 sin(ax + 3 π/2)
 D 4[sin(ax)] = a 4 sin(ax + 4 π/2)
 ...
 D α[sin(ax)] = a α sin(ax + α π/2)
Weyl derivative 
α∞− tD
9Vector interpretation of Dα for 
the function f = sin(x)
D 1f = sin(x + π/2)
D 0f = sin(x)
D −1f = sin(x − π/2)
D αf = sin(x + απ/2)
απ/2
10
Definitions of fractional 
derivatives-1
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Definitions of fractional 
derivatives -2












































Left and Right fractional derivatives
 Left-sided
 Right-sided
( ) ( )
( )
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past of f(t) future of f(t)a t b
( )tfDta α ( )tfDbt α
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Grünwald-Letnikov definition













































 Recursive relationships of 
pole/zero frequencies:
 Average slope:






























ω εη2 = RC
log ω 












































































h ≈T , T - sampling period:
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Louis Amstrong:
What a wonderful world!
FC researcher:








 Newton 2nd law
xkF &=
xkF &&=
kxF = ( )α= kxF
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Fractional-Order Controllers
 The fractional-order PIλDμ controller:



























Bode diagramsFeedback control system
1<α<2
21
Van der Pol oscillator
of fractional order
( ) ( ) ( ) 10,0121 <λ<=+−α+ λλ+ xxxx








































α = 1 λ = 0.8
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Time and frequency responses
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 3R planar redundant manipulator
3 x 12 x 1
24
F{dq2/dt} vs (r ,ω/ω0) for ρ=0.5
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